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ABSTRACT delays, and give a new closed-form expression for its filter co-

%hed in [3], [8] and [9], and then obtain a set of filter coeffi-

problem of the maxflaki-regular 1R M/th-band filters with cients by directly solving the linear system of Vandermonde

arbitrarily specified group delays, and gives a new closed- : _
form expression for its filter coefficients. The filter coeffi- equations. - The proposed maxfiittregular 1R M/th-band

filters have an arbitrarily specified integer group delay re-

cients are directly derived by solving a linear system of Van'sponse. Finally, some design examples are shown to demon-

dermonde equations, which are obtained from the regular: he effecti fth lar IR
ity condition of the maxflatR-regular AMth-band filters via strate the effectiveness of the proposed maxfiaegular

. . Mth-band filters.
the blockwise waveform moments. Finally, some examples

are designed to demonstrate the effectiveness of the proposed
maxflat R-regular [IR Mth-band filters. > IR MTH-BAND EILTERS

Index Terms— Mth-band filter, maxflat response, closed-
form design, IR filter, waveform moment Leth, (0 < n < oo) be an impulse response of IR digital
filter H(z). If H(z) is aMth-band filter, its impulse response

1 INTRODUCTION is required to be exactly zero-crossing except for one point

K, ie,
Mth-band filters are an important class of digital filters, and 1
have been found numerous applications in multirate digital — (m=0)
. X . higomm =4 M , Q)
signal processing systems, filter banks and wavelets, and so 0 (m=+1,42,.--)

on [1], [2], [4]. Its impulse response is required to be exactly
zero-crossing except for one point. Conventionally, Bifh-
band filters have been studied exhaustively in [1], [2], [4],Sired group delay in the passband
[5], [6], [8], [9]. Among these methods, FIR/th-band filters SO : ) .
with exact linear phase have been designed in [1], [2], [4], [8] Mth-band filter is requwed to be lowpass, and the desired
while those with arbitrarily specified group delays have alSJrequency response is given by

been considered in [5], [6] and [9]. Itis known from the view- K

point of wavelet transform in [4] that th&/th-band filters are Ha(e™) = { e’ (we passban)j' @
required to satisfy the regularity condition of wavelets. There- 0 (w € stopband

fore, the closed-form solutions for the maxfltregular FIR

Mth-band filters have been presented in [4], [6], [8] and [9]. ot 4 noncausal shifted version Hi(z) beﬁ(z) = :KH(2),
However, the design of the maxfl&-regular 1IR Mth-band ey = B (=K < n < oo). The desired frequency
Loy llp — ,,ALJ’_ - >~ .

filters is still open.
response off (z) becomes
In this paper, we consider the design problem of the maxflat P (2)

where K and M are integers, and corresponds to the de-

R-regular [IRMth-band filters with arbitrarily specified grou
g ysp group v 1 (w € passbang
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By using the polyphase representation, we have where0 < i < M —1. It follows from the definition ofn,.(7)

) that
_ Z—iHZ_ M , (4) T IT( pjw M-1 L2(i— K)km
Z: () agiu(ﬁ) w:%: (—=j)" ; mr(i)efj%, (20)

where theth polyphase compnent is composed by an IR sub-
filter, i.e., i.e., the blockwise waveform moments describe the derivative

behaviors of the frequency resporﬁéei“’) at the frequency
% b pointswy, = 2kr/M (0 < k < M —1). Itis seen in (10) that

2)=> ahz"/y bz, (5) therth derivatives of the frequency resporf§ée’) atw;, =
2kw /M are theM-point DFT (Discrete Fourier Transform)

of the blockwise waveform moments,.(i). Thus, by the
whereN}, N, are the degree of the numerator and denomijnyerse transform, we have

nator of theith 1IR subfilter, respectively;’ , bi, are real filter

coefficients, andj) = 1. Assume thall’ = L1M+L2,Where . §T M1 arﬁ(ejw) 2 Kk

L, andL, are integers, and < L, < M, it can be seen from my(i) = i | . e M (11)
the time-domain condition in (1) that;,(z) = 21 /M. k=0 M

Therefore, we have Itis clear that the blockwise waveform moments(i) bridge

between the time and frequency domains by (9) and (11).
H(z) = X H(z) = 1 + Z K- (zMy.  (6) Giventherth deriyatives of the frequency respodfi(aej“) at
the frequency pointsy, = 2k /M, therth blockwise wave-
Fhe form momentsn,.(i) can be calculated via the IDFT in (11).
It is known in [4] that anMth-band filter is said to be
R-regular if it has

It can be seen from (6) that the frequency responsé’@f)
always satisfies

M—1 H(z) =14z 4+ 2 MD)EQ(2), (12)
7 (oI (W H3F)) =
Z H( ) =1, ) whereQ(z) is an IR filter in this paper. It is equivalent to
k=0
which means that the sum of the frequency responses at the 3TH(€TW) — 3TH(€:M) =0, (13)
frequency points), = w + 2kn/M fork = 0,1,--- , M — 1 U PSS O PSS

keep constant, regardless of what the filter coefficieftand

bi are. From (7), we get fork =1,2,---,M —1andr = 0,1,--- ,R— 1. ltis
n * !

obtained from (8) and (13) that

M—1 . )
H(e*0) = H(e“r). (8) H(ej‘”)‘wzo =1 (r=0)
k=1 T ET(pjw s
, . 8H7(6T) =0 (r=12---,R-1)
It is clear that the frequency responsau@tls dependent on ow I
the frequency responseswt (k = 1,2,--- , M — 1). Ifits (14)

stopband response (s then the frequency responseIﬁS(z)

will become 1 in the passband, i.e., the magnitude response which means that the magnitude respoigé:’)| and group
H(z)is 1andits group delay i& in the passband. Therefore, delay7(w) atw = 0 satisfy

the design problem of IIR/th-band filters with an arbitrarily

specified group delag™ can be reduced to the minimization |ﬁ(€jw)\|w:0 =1 (r=0)
of the stopband error of the frequency respons# ¢f). ar“’fj(ejw)' , (15)
T 0 (T' = ]., 2, N R — )
3. MAXFLAT R-REGULARIIR MTH-BAND w0
FILTERS and

Itis known in [9] that the blockwise waveform moment around g T(f) =0 (r=0,1,---,R—2). (16)
K for h,, is defined by Ll

o0 From the relationship betweeH (z) and H(z) in (6), it is

m,(1) = (mM +1i— K) hpar+i, (9) clearthatH (z) has flat magnitude and group delay responses

m=0 atw = 0 simultaneously.



By using (11), the blockwise waveform moments (7)

OnceM, K, Ni, and N}, are given, a set of filter coefficients

are obtained from the regularity condition in (13) and (14) asa?, andb’, can be easily calculated by using (23). It is clear

1
0 (r=1,2--,R—1)

It can be seen from (4), (5) and (6) that
Ny

> a
=0

Np

i ,—nM
E b,z

n=0

i JK—nM—i
n<

00
K—i M K—mM—i
z Hz'(Z ) = = E h7nM+'L'Z .

m=0

(18)

Next, we define the waveform moments for the filter coeffi-

cients of the numerator and denominator in (18) by
Ny

(i)=> (nM+i—K)a
n=0
Np

(i) = Y (nM)"b,

n=0

N
i

%

m n

(19)

D

my.

Then, it can be obtained by takimth derivatives of (18) and
substitutingz = 1 that the condition in (17) is equivalent to
D

MmP» (i) = mP (i) (r=0,1,---,R—1). (20)

From the definition ofn? (i), mP () in (19) andb) = 1, we
obtain

Ni N
MY (nM+i—K) al, — > (nM)"b, =5(r), (21)
n=0 n=1
wherer =0,1,--- ,R—1, and
)1 (r=0)
6@»—{0 v 0) (22)

It should be noted that the coefficient matrix in (21) is the

Vandermonde matrix with distinct elements. There is alway
aunique solution i = N+ N, +1. By using the Cramer’s

rule, we can obtain the presentation of the filter coefficient as

a quotient of two Vandermonde’s determinants. Therefore,
closed-form solution is obtained as

[+ =5
at = (_1)n+l N’LD' m=0 M
" M nl(Ny —n)! Np K_i
ngo(m—n—l— 7 )
i 1— K
SRS SH §
n!(N}:,—n)!m:OminJrZ;/[K

that besidesVy, + Nj, = R—1, itis possible for the subfilter
H;(z) to have differentVi and N% for 0 <i < M — 1.

4. DESIGN EXAMPLE

In this section, we consider the design of the max@laegular

IR Mth-band filters with\/ = 5 andR = 10. N}, = 6 and

Ni = 3 are chosen fof < i < 4. We first setk = 29

and get a set of filter coefficients by (23). The resulting mag-
nitude response and group delay are shown in the solid line
in Fig.1 and Fig.2, respectively, and its impulse response is
shown in Fig.3(a). We have also designed two other filters
with K = 27,16. Their magnitude responses and group de-
lays are shown also in Fig.1 and Fig.2. The impulse responses
of K = 27 and K = 16 are shown in Fig.3(b) and Fig.3(c),
respectively. It is seen from Fig.2 that the integer group delay
responses ab = 0 can be arbitrarily specified. It should be
noted thatK" > 22 for obtaining causal stable IIR filters.

5. CONCLUSION

In this paper, we have proposed a new closed-form solution
for the maxflatR-regular IIR Mth-band filters. The filter co-
efficients have been directly derived by solving a linear sys-
tem of Vandermonde equations, which are obtained from the
regularity condition of the maxflak-regulari/th-band filters

via the blockwise waveform moments. The proposed maxflat
R-regular lIRMth-band filters have arbitrarily specified inte-
ger group delay responses.
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Fig. 1. Magnitude responses of the maxflatregular 1IR
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Fig. 3. Impulse responses of the maxflatregular 1IR Mth-
band filters. (a) = 29, (b) K =27, (c) K = 16.



