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Abstract—In this paper, a new class of DTCWTs with im-
proved analyticity and frequency selectivity is proposed by using
general IIR filters with numerator and denominator of different
degree. In the common-factor technique proposed by Selesnick,
the maximally flat allpass filter was used to satisfy the half-sample
delay condition. Thus, to improve the analyticity of complex
wavelets, we present a method for designing allpass filters with
the specified degree of flatness and equiripple phase response
in the approximation band. Furthermore, to improve the fre-
quency selectivity of scaling lowpass filters, we locate the specified
number of zeros at z = —1 and minimize the stopband error.
The design methods proposed in this paper use the well-known
Remez exchange algorithm to approximate the equiripple re-
sponse. Therefore, a set of filter coefficients can be easily obtained
by solving the eigenvalue problem. Finally, we investigate the
performance on the proposed DTCWTs through several design
examples. It is shown that the conventional DTCWTs proposed
by Selesnick are only the special cases of DTCWT's proposed in
this paper.

Index Terms—Allpass filter, analyticity, DTCW'T, frequency
selectivity, Hilbert transform pair, IIR digital filter.

I. INTRODUCTION

HE dual tree complex wavelet transform (DTCWT) was

originally proposed by Kingsbury [5], and has been used
in many applications of signal processing and image processing
[6]-[10]. DTCWTs employ two real wavelet transforms, where
one wavelet corresponds to the real part of complex wavelet and
the other is the imaginary part. Two wavelet bases are required
to be a Hilbert transform pair. Thus, DTCWT's are nearly shift
invariant and has a good directional selectivity in two or higher
dimensions with limited redundancies. It has been proved in [8],
[11] and [12] that the necessary and sufficient condition for two
wavelet bases to be a Hilbert transform pair is the half-sample
delay condition between the corresponding scaling lowpass fil-
ters.

Several design methods for DTCWTs have been proposed
in [5]-[14] by using FIR filters, which are corresponding to the
compactly supported wavelets. In [5]-[7], Kingsbury had pro-
posed FIR Q-shift filters, whose group delay is required to be
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i sample to satisfy the half-sample delay condition. In [9], Se-
lesnick had proposed the common-factor technique, where the
scaling lowpass filters are constructed by using allpass filters to
satisfy the half-sample delay condition. This design method is
simple and effective, since the approximation accuracy of the
half-sample delay is controlled only by the allpass filter. Se-
lesnick had adopted the maximally flat allpass filter and given
a class of FIR orthonormal and biorthogonal solutions, and IIR
orthonormal solution, where the scaling lowpass filters have as
many zeros at z = —1 as possible to obtain the maximum
number of vanishing moments of wavelets, resulting in the max-
imally flat magnitude responses of the scaling lowpass filters.
However, the resulting IIR scaling lowpass filters have the nu-
merator and denominator of the (almost) same degree. It is also
known that the maximally flat allpass filter has a larger phase
error as |w| increases, resulting in a poor analyticity of complex
wavelet. In [16], we had proposed a class of DTCWTs using
general IR filters with improved frequency selectivity. In [17],
we had also proposed a class of FIR-based DTCWTs with im-
proved analyticity.

In this paper, we propose a new class of DTCWTs with im-
proved analyticity and frequency selectivity by using general
IIR filters with numerator and denominator of different degree.
First of all, to improve the analyticity of complex wavelet, we
present a method for designing allpass filters with the specified
degree of flatness at w = ( and equiripple phase response in
the approximation band [17]. It is known in [2] that frequency
selectivity is also a useful property for many applications of
signal processing. But the maximally flat filters have a poor fre-
quency selectivity in general. To improve the frequency selec-
tivity of the scaling lowpass filters, we specify the number of
zeros at z = —1 from the viewpoint of vanishing moments
and then minimize the stopband error by using the remaining
degree of freedom. The proposed design procedures are based
on the well-known Remez exchange algorithm, thus, a set of
filter coefficients can be easily obtained by solving the eigen-
value problem. The optimal solution is attained through a few
iterations. It is also shown that the conventional FIR and IIR or-
thonormal solutions proposed in [16], [17] are only the special
cases of DTCWTs proposed in this paper. Finally, we investi-
gate the performance on the proposed DTCWTs and indicate
how to choose the approximation band properly. The main con-
tribution in this paper is that both the analyticity of DTCWTs
and frequency selectivity of IIR scaling lowpass filters can be
improved simultaneously.

This paper is organized as follows. Section II briefly reviews
DTCW'Ts and the half-sample delay condition. In Section III,
a class of DTCWTs is presented by using general IIR filters.
Section IV presents a design procedure for allpass filters with
the specified degree of flatness to improve the analyticity.

1053-587X/$31.00 © 2012 IEEE
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Fig. 1. Dual tree complex wavelet filter bank.

Section V gives a design procedure for scaling lowpass filters
with the improved frequency selectivity. Section VI describes
the performance investigation on the proposed DTCWTs.
Finally, Section VII contains a conclusion.

II. DUAL TREE COMPLEX WAVELET TRANSFORM

It is well-known in [1] that orthonormal wavelet bases can be
generated by two-band orthogonal filter banks { H;(z), G;(2)},
where ¢ = 1,2. We assume that H;(») and G;(z) are lowpass
and highpass filters, respectively. The condition of orthonor-
mality for H;(z) and G;(z) is given by

Hi(z)Hi(z ') + Hi(==)Hi(=2 1)
Gi(2)Gi(z 1) + Gi(—=2)Gi(—= 1)
Hi(z)Gi(z 1) + Hi(=2)Gi(—2 )

IS

2

2
2 (M
0.

N

We use the notation ¢;(t), ¥;(t) to denote the scaling and
wavelet functions, respectively. Thus the corresponding dilation
and wavelet equations are expressed as

o:i(t) = V23 hi(n)g; (2t — n)

Pi(t) = \/iigi(")@(% —n), @

where h;(n), g;(n) are the impulse responses of H;(z), G;(z),
respectively.

In [5]-[7], Kingsbury had proposed the dual tree com-
plex wavelet transform (DTCW'T), which is constructed by
two filter banks with real-coefficients, corresponding to the
real and imaginary parts of the complex wavelets, that is,
Pelt) = P1(t) + jia(t), as shown in Fig. 1. Generally, two
wavelet functions 1 (¢) and 5 (t) are required to be a pair of
Hilbert transform. Thus the complex wavelet ¢..(¢) is analytic,
i.e., its spectrum is one-sided:

20 (w) w>0

0 w<o, @

1.(0) = ) +02(0) = {

where ¥, (w) is the Fourier transform of ¢;(¢). However, the
ideal Hilbert transform pair cannot be achieved with realizable
filters. Therefore, to evaluate the analyticity, we use the p-norm
of the spectrum W .(w) to define an objective measure of quality
as

_e(w)llp - c.0) 4)

Po= T
! ||‘I’c(w)||p.,(o,oo)
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where

19l = (/ | wwwdw) g 5)

Ifp = 00, E = lim, — o E, is the peak error in the negative
frequency domain[13]. If p = 2, Es is the square root of the
negative frequency energy. In this paper, we will use F, and
Iy to evaluate the analyticity of the complex wavelet.

In [8], Selesnick had proved that two wavelet functions are a
Hilbert transform pair;

Pa(t) = H{1(1)}. (6)
that is,
— 70 (w w>0
Pal) = {j$1<w(> } 620, @

if and only if corresponding scaling lowpass filters satisfy
Ho(e?%) = Hi(e?%)e 77 (Jw| < 7), ®)

which is the so-called half-sample delay condition. It is the nec-
essary and sufficient condition for two wavelet bases to be a
Hilbert transform pair [11], [12]. It is seen in (8) that Ha(e?~)
needs to be approximated to Hy(e/*)e =75 . Thus, we define the
error function F(w) to evaluate the accuracy of approximation
as

E(w) = Hy(e!*) = Hy(e/*)e ™75 ©)

III. THE COMMON-FACTOR TECHNIQUE

It is known [3] that the transfer function of an allpass filter
A(z) is defined by

A(z) = zL—Dl(;EZ)l), (10)

where

(11)

where L is the degree of A(z) and d(n) are real filter coeffi-
cients, d(0) = 1.

In [9], Selesnick had proposed the common factor technique
where the scaling lowpass filters H;(z) and Hs(z) are com-
posed of the allpass filter by

Hy(z) = F(2)z t*D(z71).
Since both of scaling lowpass filters have the same factor /'(z},
we have

DY

Hy(2) = Hi(2)z D)

= Hi(2)A(z).  (13)
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It is clear that H5(z) is expressed as the product of H;(z) and
A(z). The half-sample delay condition in (8) can be approx-
imately achieved if the allpass filter is an approximate half-
sample delay;

A(e™) m e 75 (lw] < m), (14)

thus, two wavelet bases form an approximate Hilbert transform
pair.
A. FIR Orthonormal Solution

After A(z) is determined, F'(z) needs to be constructed for
H1(z) and Ha(z). To obtain wavelet bases with K vanishing
moments, F'(z) is chosen as

F(z) = Q(z)(1+2 )~ (15)
Thus,
{Hl(Z) = Q(z)(1+ 2 1% D(z) (16)
Hy(z) = Q(2)(1 + 2 HXz"4D(z 1),

It is clear that H;(z) and H»(z) have the same product filter
P(z);
P(z) = Hi(z)H\(2 ") = Ha(2)Ha(2 )
=Q(2)Q(z (= +2+2" ) D()D(=""). (17)

Let Q(z) be a FIR filter and defining

Ny
R(z)=Q(x)Q(z" "= Y r(n)z", (18)
n=—Ni
i L+ K
S(z) =(z4+2+2 ) D)D" = Y s(n)z", (19)
n=—L—K

where r(n) = r(—n) for 1 < n < Nj and $(n) = s(—n) for
1 <n < L+ K, then (17) becomes
P(z) = R(2)5(z). (20)

Therefore, we can rewrite the orthonormality condition in (1) as

e 1 (n=0)
Z s(2n — kyr(k) = {0 (1<n< Nl+2L+K)7 (21)
k?ZImin
where Iyin = max{-Ny,2n — L — K} and Iyax =

min{ Ny, 2n+ L + K}. Note that (=) is a halfband filter. The
degree of H;(2) is M = Ny + L + K. Since r(n) = r(—n),
there are totally % equations with respect to (N7 + 1)
unknown coefficients of r(n) in (21). Therefore, we can obtain
the only solution if % = Nj + 1. In [9], Selesnick had
chosen Ny = L + K — 1 and obtained the filter of minimal
degree for given L and K, which corresponds to the maximal
K (Kpax = N1 —-L+1= (‘;{f;)) for given I, and Nj.
Thus the scaling lowpass filters have the maximally magnitude
responses, resulting in the maximum number of vanishing

moments. This is the FIR orthonormal solution proposed in [9].
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B. IIR Orthonormal Solution

In general, IIR filters require a lower computational com-
plexity than FIR filters to achieve a sharp frequency response.
IIR filters can be also used to construct DTCWT. In [9], Se-
lesnick has chosen

14z HE
Flz)=>-T1%2 )1
(0= )
then
H,(z) = 02205 De)
1( ) (1+Z€$;;()Z—LD(Z—1) (23)
HQ(Z) = T(=z7) .
Hy(z) and H»(z) have the same product filter P(z),
(z+2+2HED()D(z 1)
P(z) = 24
) A ) ey
Defining
N,
B(z)=C(x)C(z 1) = Z b(n)z™ ", (25)
n=—~Ny

where b(n) = b(—n) for1 < n < N3.From the orthonormality
condition in (1), we have

S(z) + S(—=z) = 2B(z%). (26)

thus No = | L35 | and

b(n) = s(2n), 27)
where | x| means the largest integer not greater than z. This is
the IIR orthonormal solution proposed in [9]. It is clear that the
numerator and denominator of H;(z) are of degree M = L+ K
and 2Ny = 2| £E5 | respectively, which are almost the same.

C. General IIR Orthonormal Solution

In [16], we have proposed a new class of DTCW'Ts using
general IIR filters with numerator and denominator of different
degree. By combining FIR and IIR solutions proposed in [9],
we choose

Fl(z)= 28
(4) C(ZZ) ’ ( )
then
H.(2) = Q(Z)(1+Z7:)KD(Z)
1(2) o) (29)

L~NK —Lpe,—1
Hy(z) = Q@0 )86,

where the degree of numerator is not less than the degree of
denominator, thatis, M = L 4+ K + N1 > 2N, . If M > 2N,,
then M is an odd number, whereas if M = 2N5, M is an even
number.
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Thus, the product filter P(z) is
Q)Q="H(A+2)"(1+2 ) D)D)
C(22)C(z~2)

R(2)8(z)

EC .

P(z) =

From the orthonormality condition, we have
o b(n) (0<n<Ns)

S s(2n— kyr(h) = ( M) o

k=Inin 0 Ny <n < 5

We rewrite (31) in the matrix form as

b = Syr. (32)
and

Sor =0, (33)
where b = [b(0),b(1),... . b(N)]T. r = [r(0),r(1),....

r(N))T,0 = [0, O/, ...,0]T, and the elements of the matrices
S1 and Sg are given by

_ [ s2m) (n=0)
Si(m.n) = { s@2m—n)+s2m+n) (n=1,2,...,Ny)
where 0 < m < N, and
5(2(Ng + 14 m)) (n=0)
Sa(m,n) =< s(2(Na+1+m) —n)

+s2(Na+1+m)+n) (n=1,2,...,Nq).

(
where 0 < m < || — N, — 1. Note that s(—n) = s(n) = 0
forn > L+ K.

Assuming r(0) = 1 without any loss of generality, there are
(|4 | — N>) equations with respect to N unknown coefficients
r(n) in (33). Therefore, it is clear that the only solution r(n)
exists if [#£] — N> = Ny, and then b(n) can be obtained by
using (32). When M > 2Ny, N1 + 2Ny, = L + K — 1, since
M is odd. If we choose Ny = (), then Ny = L + K — 1, which
is correspondent to the FIR orthonormal solution in [9]. If we
choose Ny = 0,then M = L+ K. When M isodd, 2Ns; = L+
K—-1=M-1,whileif M iseven, 2Ny = L+ K = M. Thus
Ny = L%J = L#J , and it is the IIR orthonormal solution
in [9]. Therefore, it is clear that the FIR and IIR orthonormal
solutions proposed in [9] are only the special cases of general
IIR orthonormal solutions when No = 0 or Ny = 0.

1) Example 1: We consider a class of DTCWTs using
IIR filters with numerator and denominator of different
degree. As proposed in [9], we have used the maximally
flat allpass filter with L = 2 and K = 4. To obtain the
filters of minimal degree, we can choose we can choose
{N1, N2} = {5,0},{3,1},{1,2},{0,3}, where the degree
of numerators are M = 11,9, 7.6, respectively. Note that the
filter with { N1, N2} = {5,0} is FIR filter. We have designed
these four filters, and the resulting magnitude responses of
H,(z) are shown in Fig. 2. It is seen that IIR filters have more
sharp magnitude responses than FIR filter. To get stable filters,
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Fig. 2. Magnitude responses of scaling lowpass filters H;(z) in Example 1.
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Fig. 3. Group delays of scaling lowpass filters H;(z) in Example 1.

the numerator and denominator are obtained by using the min-
imum-phase spectral factor [9]. Their group delay responses
are given in Fig. 3. It is seen that the group delay becomes more
flat as a decreasing N2, and the half-sample delay condition is
approximately achieved. Moreover, the magnitude responses
of E(w) are shown in Fig. 4. The maximum error of IR filters
are smaller than the conventional FIR filter. Furthermore, the
spectrum W, (w) and the spectrum ¥ (w) are shown in Figs. 5
and 6 respectively. In Fig. 6, the complex wavelet constructed
by FIR filter has a bigger spectrum in the negative frequency
domain than that by IIR filters. In addition, the scaling and
wavelet functions ¢;(t), ¢;(t) are also shown in Fig. 7. Finally,
the filter coefficients of Ff;(z) are given in Table I while the
analyticity measures of F, and Fs are summarized in Table II
and both of F ., and E decrease as an increasing Ns.

IV. DTCWTs WITH IMPROVED ANALYTICITY

In [9], Selesnick had used the maximally flat allpass filters
for A(z). Since w = 0 is chosen as the point of approximation,
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Fig. 4. Magnitude responses of E(w) in Example 1.
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Fig. 6. Magnitude responses of ¥.(w) in Example 1.

the phase error will increase as |w| increases. Thus, £(w) has
a large error in transition band (see Fig. 4), resulting in a poor
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analyticity of complex wavelet. In the following, we will discuss
how to improve the analyticity. From (9) and (13), we have
E(w) = Hi(¢™)[A(e7) — e 773, (34)

thus

|E(w)| =2 |H1(e’“)| sin

(35)

where 6(w) is the phase response of A(z). Itis clear that | E'(w)]
is dependent on both the magnitude response |H1(c?*)| and the
phase error of A(z). Since H1(z) is a lowpass filter, we must
minimize the phase error not only in passband but also in transi-
tion band to improve the analyticity of complex wavelet. There
are many design methods for allpass filters to approximate a
fractional delay response, for example, the maximally flat [3],
equiripple approximations [4], and so on. It will be better if the
minimax (Chebyshev) phase approximation of allpass filters is
used, i.e., [4].

It is known that the wavelet function is defined by the infinite
product formula. Thus, it is necessary that A(z) has a certain
degree of flatness at w = () to improve the analyticity. In [17],
we present a design method of allpass filters with the specified
degree of flatness atw = 0 and equiripple phase response in the
approximation band.

The desired phase response is f4(w) = — 1

-2
f.(w) between #(w) and 8,(w) is given by

w. The difference

0.(w) = B(w) — g(w) = 2tan giEZ; (36)
where
Np(w) = i d(n)sin{(n - £+ 1w}
n=0 (37)

Dp(w) = niod(n) cos{(n—L+4Huw}.

Therefore, the problem is to satisfy the flatness condition and
minimize the phase error . (w) in the approximation band.

Firstly, we consider the flatness condition of the phase re-
sponse at w = 0. It is required that the derivatives of #(w) are
equal to that of 6;(w) at w = 0;

P*r (W) B 9?0, (w)
Hw2r+1 - w2+l

) (38)
where .J is a parameter that controls the degree of flatness, and
0 < J < L. Equation (38) is equivalent to

327’4‘19@(0))
WWZOI()(T:O,l,...,!]—l). (39)
From (36), (39) can be reduced to
97N (w)
W—THw:OZO(T:O717...7.]—1). (40)

By substituting Ny, (w) in (37) into (40), we can derive a system
of linear equations as follows;

L L 1
> (n- 5+ Z)Wd("') =0(r=0,1,...,J —1). (41)

n=0
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Fig. 7. Scaling and wavelet functions ¢;(t), ¥;(t) in Example 1: (a) Ny = 35, N, = 0 (b)) N; = 3, N, = 1.

TABLE 1
FILTER COEFFICIENTS OF H,;(z) WITH N1 = 3, N, = 1 IN EXAMPLE 1

n || Numerator of H1(z) | Numerator of Hz(z) | Denominator of H;(z)
0 0.06060304 0.01212061 1
1 0.34027062 0.16501899 0
2 0.72397685 0.55347756 0.46902285
3 0.70741284 0.78974799
4 0.27453195 0.50351744
5 -0.01220079 0.08905209
6 -0.02055616 -0.03278854
7 0.00330903 -0.00488464
8 0.00020034 0.00242895
9 -0.00003568 -0.00017841
TABLE II

ANALYTICITY MEASURES E . AND E» IN EXAMPLE 1

LM [ N [[ Ee(®) [ E2(%) |
5 0 1627 1.894
3 I 1.064 1173
I 2 1017 1.061
0 3 1014 1.043

Note that if J = L, we can solve the linear equations in (41) to
obtain the maximally flat allpass filters, due to d(0) = 1.

Next, we consider the case of J < L. We want to obtain
an equiripple phase response in the approximation band [0, w.]
by using the remaining degree of freedom. Let w; (0 < wp <
wy < -+ < wp_j = w.) be the extremal frequencies in the

approximation band. We apply the Remez exchange algorithm
and formulate 6. (w) as

io d(n)sin {(n—£+1)w,}

i{] d(n)cos {(n—L+1)w;}

where 6 is an error. We then rewrite (41) and (42) in the matrix
form as

tan He(wi) =
2

= (-1)'6, (42)

Pd = $Qd, (43)

where d = [d(0),d(1),...,d(L)]T, and the elements of the
matrices P and @ are given by

(n—L&+ 5D (m=0,1,...,0-1)

P(m’n) = Sin{(n - % + zll)w(mf.])}
(m=JJ+1,...,L).
(44)
0 (m=0,1,...,J-1)
Q(m,n) =< (=1)ym~-7 cos{(n - % + %) w(,n,J)}

(m=JJ+1,...,L).
(45)

It should be noted that (43) corresponds to a generalized
eigenvalue problem, i.e., § is an eigenvalue, and d is the
corresponding eigenvector. To minimize 6, we should choose
the absolute minimum eigenvalue by solving the eigenvalue
problem, thus the corresponding eigenvector give a set of filter
coefficients d(n). To be an equiripple phase response in the
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Fig. 8. Phase responses of allpass filters .A(z) and phase errors in the inset in
Example 2.

TABLE III
FILTER COEFFICIENTS OF H;(z) WITH Ny = 3, N; = 1,.J = 1 INEXAMPLE 2

n || Numerator of Hi(z) | Numerator of H2(z) | Denominator of H;(z)
0 0.06430172 0.01469667 1

1 0.35061982 0.17226396 0

2 0.73000792 0.55903614 0.47360517
3 0.70140047 0.78908873

4 0.26786930 0.50060387

5 -0.01322045 0.08578928

6 -0.02047718 -0.03510981

7 0.00325037 -0.00490950

8 0.00029445 0.00276934

9 -0.00005400 -0.00023627

approximation band, we make use of an iteration procedure to
get the optimal filter coefficients d(n)[4], [17].

1) Example 2: We consider a class of DTCWTs with im-
proved analyticity. Firstly, we have designed allpass filters with
L=2,J={0,1,2},w. = 0.557. Note that J = 2 means the
maximally flat allpass filter, while J = 0 is the equiripple all-
pass filter without the flatness condition proposed in [4]. The re-
sulting phase responses of A(z) are then shown in Fig. 8, where
the maximally flat allpass filter has a larger phase error com-
pared with other allpass filters. Next, we have used the method
proposed in Section III-C to construct the scaling lowpass fil-
ters H;(z) with K = 4, Ny = 3, No = 1, where the filter
coefficients of H,(z) with A(z) of J = 1 are given in Table IIL.
The magnitude responses of H;(z) are shown in Fig. 9 and are
almost the same. The magnitude responses of E(w) are also
shown in Fig. 10, and the maximum error of E{w) decreases
as an decreasing J. However, the analyticity measures of £,
and F5 become minimum when J = 1, not J = 0, as shown
in Table IV. It is seen in (35) that |F(w)| is mainly depen-
dent on the phase error of A(z) in the passband and the mag-
nitude response of Hy(z) in the stopband. Thus decreasing .J
reduces the maximum error of |F(w)|. However, the wavelet
function is defined by the infinite product formula; ¥;(w) =
®,;(0)V2G;(e? %) [[°, V2H,(e?77 ), and the phase of 1;(¢) is
a sum of the phase responses of G;(e? %) and H;(e?37) (n =
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Fig. 9. Magnitude responses of scaling lowpass filters H;(z) in Example 2.
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Fig. 10. Magnitude responses of E(w) in Example 2.
TABLE IV
ANALYTICITY MEASURES E.. AND E. IN EXAMPLE 2
] I Eoo (%) I B2 (%) |
0 0.499 0.514
1 0.395 0.417
2 1.064 1.173
2,3,...,0c). If there is a larger phase error nearby w = 0 be-

tween Hy (e?“) and Ha(e?*), it will be added to result in a poor
analyticity. Therefore, a certain degree of flatness is required
to reduce the phase error nearby w = 0. Finally, the spectrum
P, (w) and ¥.(w) are also shown in Figs. 11 and 12, where the
proposed allpass filter has improved the analyticity, compared
with the maximally flat allpass filter used in [9].

V. DTCWTS WITH IMPROVED FREQUENCY SELECTIVITY

It is well-known that frequency selectivity is also a useful
property for many applications of signal and image processing.
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Fig. 11. Magnitude responses of ¥ ;(w) in Example 2.
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Fig. 12. Magnitude responses of ¥..(w) in Example 2.

The maximally flat filters generally have a poor frequency selec-
tivity. In the above-mentioned DTCWTs, the scaling lowpass
filters have as many zeros at z = —1 as possible to obtain the
maximum number of vanishing moments. In [15] and [16], we
have applied the Remez exchange algorithm to improve the fre-
quency selectivity of scaling lowpass filters. In this section, we
describe a design algorithm based on the eigenvalue problem.

We first specify the number of zeros at z = —1 for H;(z)
from the viewpoint of regularity. We assume K < K, where
Kooe = L#J + Ny — L. Then the remaining degree of
freedom is K,,,,. — K. Since zeros on the unit circle are com-
plex-conjugate pair except z = +1, K4, — K should be even,
ie., Koo — K = 21,

Next, we apply the Remez exchange algorithm in the stop-
band [ws, 7] to get an equiripple magnitude response. We set w;
(ws = wp < wy < -+ < wey < 7) to be a set of extremal
frequencies and formulate P(e/*) as

R(e™)S(e?) 1+ (-

1)
B(eszw) 2 b,

P(ejwi) _

(46)
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Fig. 13. Magnitude responses of scaling lowpass filters H;(z) in Example 3.

where 6(> 0) is an error. Note that we force P(¢/“*) > 0 to
permit spectral factorization of R(¢?“*). From (46), we have

. . 1 —1)? )
S r(e) = XD spizay 4y
where
J\Yl
R(e¥) = 7(0)+2 Y r(n)cos(nw)
_ o (48)
B(e?*i) = b(0) + 2 > b(n)cos(nw).
n=1
Thus, we rewrite (47) in the matrix form as
P1r = §Q1b, (49)

where the elements of the matrices P; and Q; are given by

_ [ S(e) (n=0)
Pi(m.n) = { 25(ed“m ) cos(nwy,) (n=1,2,...,N;)
A+(-1™) (n =0)

) = 2
Qr(m.n) { (14 (-1)™)cos(2nwy,) (n=1,2...,Na).
It should be noted that the orthonormality condition has been
given in (32) and (33). Hence, we use (32) to obtain Pyr =
6Q1b = §Q1Sq1r. Then we have

S : 0
Pl lals e

which is correspondent to a generalized eigenvalue problem.
We choose the minimum positive eigenvalue ¢ and the corre-
sponding eigenvector gives a set of filter coefficients (7). By
making use of an iteration procedure, we can obtain the optimal
filter coefficients r(n). We then compute b(n) by (32).

1) Example 3: We consider a class of DTCWTs with im-
proved analyticity and frequency selectivity. Firstly, we have
used the allpass filter with L. = 2, J = 1, w, = 0.517, and
then designed the scaling lowpass filters H;(z) with M = 13,
Ny =1, w, = 0.677. Weset K = 4 and N; = 7. The re-
sulting magnitude response of H;(z) is shown in Fig. 13. For

(50)
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Fig. 15. Magnitude responses of ¥, () in Example 3.

comparison, the scaling lowpass filter with the maximally flat
magnitude response (K = 6, N; = 5), and the filter with two
equiripples in the stopband (K = 2, N7 = 9) are also designed
and their magnitude responses are shown in Fig. 13. It is clear
that the magnitude responses of /;(z) with improved frequency
selectivity are more sharp than the maximally flat filter. In ad-
dition, the magnitude responses of £(w) are shown in Fig. 14,
where the error decreases at the expense of decreasing vanishing
moments. The wavelet spectrum W;(w) are shown in Fig. 15,
which are almost same. Furthermore, the spectrum V¥ .(w) are
shown in Fig. 16, where the spectrum is close to zero in the
negative frequency domain. Besides, the scaling functions ¢; (%)
and wavelet functions ; () are shown in Fig. 17. Finally, the
filter coefficients of H,(z) with one equiripple in the stopband
are given in Table V. Table VI summarizes the analyticity mea-
sures of £/, and FEs. It is seen that the analyticity can be also im-
proved slightly by improving the frequency selectivity of H;(z).

VI. PERFORMANCE INVESTIGATION

In this section, we present several design examples to investi-
gate the performance on the proposed DTCWTs with improved
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Fig. 16. Magnitude responses of ¥ .(w) in Example 3.
TABLE V
FILTER COEFFICIENTS OF H;(z) WITH N, = 7,
Ny =1, K = 4 1IN EXAMPLE 3
n || Numerator of Hi(z) | Numerator of H2(z) | Denominator of H;(z)
0 0.04097186 0.00918649 1
1 0.24569827 0.11481153 0
2 0.6058383 0.42067653 0.61517537
3 0.7893763 0.74485096
4 0.54962226 0.71840965
5 0.13301111 0.33505370
6 -0.06721645 -0.00614984
7 -0.02964467 -0.06349930
8 0.01518836 0.00117825
9 0.00290343 0.01156778
10 -0.00273125 -0.00196788
11 0.00037645 -0.00104015
12 0.00004097 0.00038085
13 -0.00000683 -0.00003047
TABLE VI

ANALYTICITY MEASURES E .. AND E» IN EXAMPLE 3

L& | m [ Bew) || B |
6 5 0.268 0.299
4 7 0.262 0.236
2 9 0.258 0.232

analyticity and frequency selectivity. First of all, we have de-
signed the allpass filters with L = 2, J = 1 and the cutoff
frequency is chosen as w. = {0.357,0.527,0.807}. Then we
have constructed the scaling lowpass filters [;(z) with K = 2,
Ny =5, Ny =1 and wy = 0.677. The resulting magnitude re-
sponses of F(w) are shown in Fig. 18, and it is seen that the max-
imum error of F/(w) is the minimum when w, = 0.527. If w, is
chosen to be too small or too big, the maximum error of F{w)
will increase, resulting in a poor analyticity. That is to say, how
to determine the cutoff frequency w, influences F(w) as well
as the analyticity of complex wavelets. Next, we have varied w,
from 0.37 to 0.87 to investigate the relationship between the
analyticity measures of E.., Fo and the cutoff frequency w..
It is seen in Fig. 19 when w, is too small or too big, the an-
alyticity measures of £, F» become larger, and the optimal
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Fig. 18. Magnitude responses of E(w).

cutoff frequencies w?P*>= and w?P** are within (0.527, 0.557).
Furthermore, we have also varied w, from 0.557 to 0.957 to in-
vestigate the relationship between the optimal cutoff frequency
wo" and wy. It is clear in Fig. 20 that if the stopband is too wide,
i.e., w, is closer to 0.5, the optimal cutoff frequency w???* is
larger, that is, the approximation band of allpass filter become
wider. It is because the stopband error of lowpass scaling filter
is larger in this case, requiring the allpass filter to improve the
error E/(w) also in stopband. On other hand, the optimal cutoff
frequency w?" is almost constant when the stopband band is
not too wide, since the stopband error of lowpass scaling filter
is small and has little effect on the analyticity.

Fig. 19. Relationship between E.., E> and w,.

VII. CONCLUSION

In this paper, we have proposed a new class of DTCWT's with
improved analyticity and frequency selectivity by using general
IIR filters with numerator and denominator of different degree.
The proposed DTCWTs include the conventional DTCWTs
proposed by Selesnick as special cases. First of all, we have
given a design method of allpass filters with the specified degree
of flatness and equiripple phase responses in the approximation
band to improve the analyticity of complex wavelets. Next, we
have specified the number of vanishing moments and applied
the Remez exchange algorithm to minimize the stopband error
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Fig. 20. Relationship between w?** and w,.

in order to improve the frequency selectivity of scaling lowpass
filters. Finally, we have done the performance investigation on
the proposed DTCWTs, where a properly chosen approxima-
tion band can improve the analyticity of complex wavelets.
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